RESOLUTION OF ITO CALCULUS AND
THE BLACK-SCHOLES FORMULA

1. THE FUNDAMENTAL RESULT
The following is the It6 formula, which lies at the heart of what is to follow. It should
be interpreted as an integral version of the chain rule for It6 processes.

Theorem. Suppose that X; is an It process defined by Xp = Xg + fOT f(t) dBy +
fOTg(t) dt and that F(t,x) is a sufficiently smooth function of two variables. Then

F(T, X1) - F(0,Xy) = /OTFt<t,Xt>dt+ /OTFz(t,Xaf(t) 1B,

T

T
(1) + /OFx(t,Xt)g(t) dt+%/0 Foo(t, Xe) f2(t) dt

2. THE SETUP
2.1. THE MODEL FOR EQUITY PRICES

We first recall the model we are using for equity prices. Let B; be standard Brownian
motion and define an It6 process X; by

(2) Xt :X0+0Bt—|—,ut

From the It6 formula, we obtain the following:

Theorem. Let Y, = eXt. ThenY; is an It6 process and if o« = pn + %0’2, then

T T
(3) YT—YO:/ YtadBt+/ Yia dt.
0 0

Armed with this result, we can now use our definition of an integral with respect to
an Itd process to model the capital gains in a stock position. More precisely, we will say
that the capital gains from holding A(t) shares of a stock priced by Y; at time from time
0 until time T will yield a capital gain of

T
(4) /O A(t) dYs.

2.2. A HEDGING PORTFOLIO

We can use the above model to valuate a portfolio which holds a position in an equity
and invests the rest in a riskfree money market fund which yields a rate of return equal
to r. So assume that the value of the entire portfolio at time ¢ is Z;, and that

e at time ¢, the portfolio contains A(t) shares of an equity priced at Yz, and
e the remainder of the portfolio’s assets are held in a riskfree money market account
which yields an interest rate of r.

The value of the equity portion at time ¢ is A(¢)Y; and the value of the money market
holdings is Z; — A(t)Y;. Thus the capital gain of the entire portfolio from time 0 to time
T is

) Ze-n= | AW v+ / - MY di

By using the definition of an integral with respect to an It6 process, this expression
can be rewritten as



Zr—Zy = /OT A(t) dY; + /OT r(Zy — A()Y) dt

/0 A(t)Yso dBt+/0 A(t)Ya dt—i—/o r(Zy — A(t)Y;) dt

(6)

T T T
/ 7, dt+/ A) (o — 1YY, dt+/ A(t)oY; dB,.
0 0 0

The final expression divides the capital gain into three components; the first shows
the average underlying rate of return if the portfolio assets were held without risk, the
second is the risk premium, and the last accounts for the volatility of the portfolio.
Furthermore, if we combine the first two integrals, we obtain an expression for Z; as an
Ito process.

3. THE MAIN QUESTION
Consider a European call option with the following parameters:

e the call option is for an equity priced by the Itd process Y;, and
e the strike price, that is, the right to buy one share of stock at time ¢t =T, is K.

The value of the call option when t = T is easy to figure out. It is simply (Y7 — K)™.
Of course, one is really interested in pricing this call option when ¢ < T'. Following the
work of Black and Scholes, we assume that the price of the call option should depend
only on:

the time interval T — ¢,

the value of the underlying stock Yz,
r, the interest rate,

o, the volatility,

K, the strike price.

Note that the only variables in this list are the stock price and time. Let ¢(¢,x) be the
value of the call at time ¢ and stock price x.

Question. What is the function c(t,x)? Or more explicitly, given a stock price x and
time t, what should be the price of the call option with the above parameters?

4. THE EcoNOMICS PRINCIPLES

The fundamental insight of Fischer Black and Myron Scholes into pricing an option
was to realize that a portfolio could be created which, with an appropriate trading
strategy, would exactly mimic the price of the call option. More mathematically, for an
appropriate position A(t), we would have

Zt = C(t, 1/;5)

for all values of ¢. This would allow the person who sells the call option to perfectly
hedge his position by selling short the same portfolio. The mathematical consequences
of this observation allow us to find ¢(¢,z). In practice, we will examine the discounted
equation

e " Z = e et ;)

5. THE MATHEMATICS

Using the Itd formula, we will compute the discounted option price and the discounted
value of the portfolio we use to hedge it.



5.1. DISCOUNTED OPTION PRICE

According to the Itd formula, we can let F(¢t,z) = ¢(¢,z) and conclude that

T T T
1
(T, Yr) — ¢(0,Yp) /0 e (t,Yy) dt +/0 c(t,Yy) dYy + 5/0 cm(t,)@)()ftg)Q dt

T
1
/ (ce(t,Yy) + aYie, (. Yy) + 5c:,m(zt,yt)(ytaﬁ) dt
0

T
(7) + /ath:c(t,Yt)dBt.
0

Furthermore, if we let F(t,z) = e "c(t,z) we can use the same formula to compute
the discounted option price:

T
e "e(T, Yr) — ¢(0,Yp)

+
S— M= 5— 5—

T
—re”"e(t,Y;) dt +/ e "ey(t,Yy) dt
0
T T
e ey (t,Y:)oY; dBy +/ e ey (t, Y)Yy dt
0

T
/ e " epn (t, ) (0Y;)? dt

0
T 1

e (= re(t, Y2) + erlt. Vi) + ot Yo)aYs + 5ean(t, V) (0Y0)?) dt
0

T
(8) + / e~ aYiea(t,V2) dB,.
0

5.2. DISCOUNTED PORTFOLIO PRICE

We first use the It6 formula to compute the evolution of the discounted stock price
e—rt}/t .

T T
e TYr - Y, = / —re Y, dt+/ e " dY,
0 0

(9)

T T
/ (a—r)e "Y; dt —|—/ e "toY, dB;.
0 0
Furthermore, we can perform a similar computation for the discounted portfolio value.

This is not hard, but you must remember our expression for the portfolio value Z; as an
1t6 process.

T T
e T Zr — Zy = / —re "t Z, dt —|—/ e "' A(t)aY; dB;
0 0

+

T
/0 e "t (’I“Zt +A(t)(a— T)Yt> dt

(10)

T T
/ e " A(t)oY; dB; + / e "PA(t) (o — 7)Yy dt
0 0

5.3. EQUATING THE EVOLUTIONS

We would like to make sure that our hedging portfolio Z; is exactly equal to the option
price c(t, Y;) at all points in time. This will happen if and only if

e " Z =e et ;)
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for all values of t € [0,T"). Furthermore, if we make sure that Zy = ¢(0, Yy), then we can
use our formulas from above. More explicitly, for Z; to equal ¢(¢,Y;) for all ¢ € [0,T),
we must have

t
1
(11) / e "* ( —rc(s,Ys) + (s, Ys) + (s, Ys)aYs + §cm(s, Ys)(aYs)Q) ds
0

¢ ¢ ¢
+/ e "PoYsey(s,Ys) dBs = / e " A(s)oYs dB; —|—/ e " A(s)(a—r)Ys ds
0 0 0

This yields two equations:

(12) Alt)oYy = c(t,Y1)oYs
1
(13) (a—7r)Y:A({) = —rc(t,Yy) +e(t,Yy) + aYie, (8, V) + icrszcm(t7 Y,

which can be simplified to

(14) AM) = etV
1
(15) re(t,Y:) = (6, Yy) +1rYie,(t,Y:) + EUQYthm(t, Y:)

The second equation, after the substitution Y; = x, becomes the partial differential
equation

¢t +rxc, + %szzcm =7rc
whose solution ¢ = c¢(t,z) satisfies the terminal condition ¢(T,z) = (z — k)T. If the
solution to this PDE is known, the conditions of the first equation are easily satisfied.
In fact, if we knew the function c¢(¢, x), the equation tells us exactly how many shares of
stock to hold at a given time ¢. This is called the delta-hedging rule, and more explicitly,
it says that the number of shares A(¢) held by the portfolio Z; should be the partial
derivative with respect to the stock price of the option value at that time.

Theorem. Suppose that c(t,x) is solution to the the partial differential equation

L 55
ct+mccr+§a XCpyp = TC

which satisfies the terminal condition ¢(T,z) = (x — K)*. Furthermore, assume that the
price of an equity is given by the Ito process Yy, the portfolio Z;y is as described above,
and that the number of shares of Y; held at any point in time is A(t) = c(t,Y:). If
Zy = ¢(0,Yp) then c(t,Yr) = Z; for all t € [0,T].

Proof. If a portfolio starts with Zy = ¢(0,Yp) and uses the formula A(t) = ¢, (t,Y}) to
determine the size of his equity investment, then both equations above will be satisfied
since c(t, z) is a solution of the second. Using the It6 formula in reverse, we have that

e "7 — Zy=e"e(t,Y:) — ¢(0,Yp)

is true for all ¢ € [0,T) and, furthermore, Z; = ¢(t,Y;) for all ¢ € [0,T). Since Z;, and
¢(t,Yy) are continuous, this means that as ¢t approaches T, their values must agree in the
limit as well. Hence

ZT = C(T, YT)

But this means that Zy = (Yr — K)T as desired, since ¢(T,Yr) = (Y7 — K)* via the
terminal condition on the solution c¢(t, ). O



5.4. A SOLUTION TO THE PARTIAL DIFFERENTIAL EQUATION

The explicit solution to the equation for ¢(¢,z) is beyond the scope of these notes;

22
however, armed with the right notation, it is easily stated. Let N(y) = ff’oo ez dz be

the cumulative standard normal distribution and let
2

1 T o
dsro) = (o + (12 F)7)
+(7,2) Y ogK—l—r 5 )7
Then the price of a call option at time ¢ when the underlying stock price is x is given by:
c(t,x) = xN(dp (T —t,z)) — Ke " TN (d_(T — t, ).

Note that the solution does not depend on a!



