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1. Consider the following definition from class:

Definition. The characteristic, or indicator, function χA of a set A is defined by

χA(x) =

{
1 if x ∈ A, and
0 if x /∈ A

The purpose of this exercise is to define a relationship between the definitions of lim inf and
lim sup on sequences of sets versus sequences of real numbers. Consider a set X and a collection
of subsets {Ai}∞i=1. Write

A+ = lim supAi and A− = lim inf Ai

Let f+ = χA+ , f− = χA− , and fn = χAn , be the characteristic functions of the corresponding
sets. Prove that f+ = lim sup fn and f− = lim inf fn

2. Suppose that f is a non-negative measurable function on X and A,B ⊂ X are disjoint measur-
able sets. Show that ∫

A⊔B

f dµ =

∫
A

f dµ+

∫
B

f dµ.


